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o Solvable in strong coupling for large N o Jijk

o Emergent conformal symmetry at low
energy.

o ‘Maximally chaotic’
Quantum chaos or ‘scrambling’ with
Lyapunov exponent, A; = 2nT

‘Upper bound’ to quantum chaos as in a black hole
Maldacena, Shenker & Stanford (2016)

Solvable model for
Kitaev - Solvable model for holography |thermalization




Contrast with quadratic infinite range model
(model for quantum dot)

o Fermions occupying states of a N X N random matrix.

o No thermalization or chaos in the many-body sense.

Add weak interaction -2

o Fermi liguid state at infinite N.

Quasi-particle lifetime - T~ 1/T?

. 1
Expectation, Lyapunov exponent A; ~ -~ T?

** Many body localization (MBL) at low T for finite N.
Altshuler, Gefen, Kamenev & Levitov, PRL (1997) A =0

~ e
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This talk: Solvable model with a quantum critical point
two distinct quantum chaotic fixed points, SYK and Fermi-
liquid.

Classifying phases and phase transitions in terms of
guantum chaos?

How spectrum and quantum chaos evolve?
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Broader motivation: Chaotic to non-chaotic transition

Many-body localization (MBL) in

A A interacting disorder system (isolated)
\‘,VV\/\NW\/\/ - Failure to thermalize

- Non-chaotic

________________ T
, . Basko, Aleiner, Altshuler (2005);
Chaotic = ® Gornyi, Mirlin, Polyakov (2005)
T,E _ :
Delocalized Non- chaotic Oganesyan and Huse (2007),

Pal and Huse (2010)

Thermalizin Localized (x, 0 = 0)

Non-ergodic

>
Disorder strength

Can one stop thermalization by deformation of SYK model ?
- Solvable model for MBL transition???

This talk: Only transition to slower thermalization




Outline

o Review of SYK model and many-body quantum chaos.

o Model for transition from fast to slow scrambling

- Exactly solvable model for non-Fermi liquid to Fermi liquid transition
- “Zero-temperature entropy” and Lyapunov exponent

o Conclusions and outlook.



Review of SYK model

Sachdev-Ye (SY) model — Infinite-range SU(N)

Sachdev & Ye, PRL (1993)
o Jijki

spin-glass model.

o Majorana fermions Kitaev, KITP (2015)
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Hsyk = Ezjijkl)(i)(j)(k)(l Jik) = J?31/N3
"ijkl

o Complex fermions Sachdev, PRX (2015)

Hsyk = (ZN)g/Zz]l]le  CrCp — MZ:C ¢ i) =T

Ljkl

Half filling, © = 0 - Majorana model



Saddle point and emergent reparameterization symmetry

o Disordered averaged saddle point for N — oo
GH(w) = 46+ 1 — X(w) "

2(1) = —J*G*(1)G(-7) ’ ;

2(w) = Z(w) —u
o Conformal symmetry at low-energy (w,T <))
[drG(r,t)2(1y, ) = =6(r = 1)

T = f(0) o of
_ _ ) ) 1/4 f (O') —_
G(o1,0,) = [f' (o) f"(02)]77* G(f (01), f (7))

do
2(01,02 ) = [f’(01)f’(02)]3/4 i(f(%)»f(az))

- Power-law solution for G (w)



Non Fermi liquid (SYK) fixed point

() = Ae_l(%e) Yo Sen(v)
R(w) — \/]—w (T) ~ = m

i(7+9)
Yp(w) ~ —A3e\477) cos 20 \/Jw

o Spectral asymmetry, —% <0< %

T 1/4
2= (cos20)
cos 20

o Diverging DOS forw - 0 atT =0

A, strength of the divergence
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Sachdev, PRX (2015)
Half filling, 6 = 0

-0.1 0 0.1 0.2



Non Fermi liquid (SYK) fixed point Sachdev, PRX (2015)
Half filling, 6 = 0

~i(7+0)
e \4 sgn(7) )
Gr(w) = A 2 G(1) ~ —
R S VIl 4
< |
(TT I
Yp(w) ~ —A3el(z+g) cos 20 /Jw ’

-0.2 -0.1 0 0.1 0.2

Extensive T=0 residual entropy (for T—0, N—«)
— dense many-body spectra near ground state,
level spacing ~ eV

- Resembles many-body spectra at finite energy density in
conventional interacting models.



Quantum chaos

o Classical chaos
dx(t)

dx(0)

At A;, Lyapunov exponent

~ e

o Quantum chaos

- ‘Semiclassical billiards’ Larkin & Ovchinikov (1969)

o Chaos correlator C(t) = —([x(t), p(0)]?)
|x(t),p(0)] = ih{x(t),p} &Poisson bracket
., 0x(t)
= [h
0x(0)

C(t) ~ 2 eZALt

1 1
‘Srambling time’ ¢, ~—In|— C(t) ~ 1
2, "\ 7



Generalize to quantum chaotic (interacting) many-body systems

C(t) = —([A(t), B(0)]?) [A,B] = 0
A(t) = et e~ = A + it[H, A] —tz—zl[}[, [7¢, A]] - i—flﬂ |7, [}[,A]]] F ...

Chaotic evolution -
Local operator will grow in size encompassing the whole system

C(t) ~ € et € - h?

- Information scrambling
-2 Thermalization

Out-of-time-order (OTO) correlator
F(t) = (A()B(0)A(t)B(0)) ~ 1 — ee™t

Decays exponentially



Quantum chaos in SYK model

Out-of-time-order correlation

(Cj(t)Cj(O)Cj(t)Cj(O)) ~1— (%) eALt

Srambling time

1
/1L227TT t*~/,l—lnN
L

Fastest scrambler! Maximally chaotic.

Upper bound to quantum chaos
Maldacena, Shenker & Stanford (2015)

Kitaev, KITP (2015)
Polchinski & Rosenhaus (2016)
Maldacena & Stanford (2016)

N- 1/h

Solvable model
of thermalization!

How to drive a phase transition out of this maximally chaotic non-

Fermi liquid fixed point?



Naive attempt: add a quadratic term

}[SYK (2N)3/2 z]uklc Ci CCp +— z tl] l

Ljkl

¢ (w) =w—-2(w) —t*G(w)

;]2— —{\ \ 2
2 (1) = —J262(1)6 (—1) = O TN

The ansatz G(w) ~ 1/4/w is not self-consistent in the limit w — 0

X

tZ

Gl w)~w—Jw 7%

The free fermion ansatz Is self ¢ () ~ —i/¢ \/
consistent:

Quadratic interaction is relevant. Always a Fermi liquid.
No transition!



Consider a model with two types of sites

N sites: M sites:

SYK coupling Random hopping
—— — 12 __ 42
f =J° Ve, =V? tap =1

1 1
H = (2N)3/2 zjijleiTC]TCkCl + \/_ﬁz taﬁl/)c-l;l/)ﬁ _ M(Z ClTCi + z Il)ctlpa)

Ljkl af [ a

1
+ (MN)1/42(Vmcjzpa +hc)
la




Physical motivation: Is MBL unstable in dimension D > 17
De Roeck and Huveneers (2016)

‘/
M~ &P Ergodic bubble
In an Anderson insulator

(21v)3/2 z]lﬂdc G Crer ¥ N; tapathp - H(E ciei + 2 Yiata)

ijkl

N sites: M sites:
SYK coupling Random hopping

2 —_
2 _ 172 2
l]kl =] Via =V taﬁ =1

H =

(ViaCi e + h.c.)
SB, Potirniche & Altman (unpublished) (MN)1/4Z iaCi Va



Saddle point equations at large N
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H = (2N)3/2 Z]Uklc Ci CkC1 +—= Z tapWaWp+ (MN)1/4Z(Vi“C;L¢“ + h.c.)
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p=M/N N,M - o

Gl w)=w+p—tG(w) —— G(a)) @

671 (@) = 0 + 1 = 5(0) - sz/_g(w)
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Non Fermi liquid fixed point

67 (@) = @Al — (@) — V2B §(w)

V2
G Hw) = xp=TG(w) Y G(w)

Zj(v) = —J*G*(1)G(-7)
- Emergent Conformal symmetry
T = f(0)
G(01,02) = [f'(0)f ' (0)]% G(f (01), f (02))
G(o1,02) = [f'(aD)f ' (0)1% G(f (01), f (02))

~ E:'(0-1' 0-2)

- Power-law solution



Half filling: Non-Fermi liquid
u=20
- Solution at T = 0, for p = % <1

1 (0) 4
A=, o
GR((U) \/]_a) e T
or@ =~ —
(1 - p) pe(w) |
B V4(1 . p)1/2 —J L
Wy = t2]p o »w

Weight and bandwidth of the singularity in G (w) vanishes
continuouslyasp = p, = 1



Half filling: Fermi-liquid
o Solutionfor p=M/N > 1

G (@) _ 1 t
rlw) = —i
Jplp - DV*
p—11
Gr(w) = —i |——=
v Pt
2
- Constant DOS for w < w, = (VT) Jrip—1)
L J2t3 1 5
Self-energy, ImZ%;(w) ( e ) S0y @

o Free fermion fixed point, emergent conformal symmetry

6(01»02 ) = [f'(01)f'(02)]1/2 G(f(%);f(az)) ~ 6(01;02)

—>Critical pointat p = M/N = 1 separates NFL and FL fixed points



Quantum critical point (QCP) between NFL and FL

Half filling
e 1
wyp, ~ (1 —p)2 wp ~ (p—1)2
1
Gr(w) ~ (1 — p)%/\/al Gr(@) ~ 1/(p —1)2
Gr(w) ~ Vo /(1 —p)* Gr(w) ~ (p — 1)2



Away from half filling

(T
e {(5+0) VP i(Z+o
Gr(w) = A \/]_a) QR(CU)=—m \/]a)e(‘l )
z(1-p)\"* m i
A = -, = 0 < " < Spectral asymmetry
cos 260
What controls 6 ?
0 =0(n) < "kg" n, fermion density

Luttinger theorem for the NFL -2



Luttinger theorem for the NFL
o “dw (0InG dInG\ , .+ “dw [ 0%,
n_1+p[j)f_002n(6w P ow )e : _?_[_ooZE (Gaa)x

e, sin 26

ox
YY) iwot
6w>e ]

Georges et al. (2001)




Zero-temperature NFL-FL phase boundary

B 1 1 9+ 1+6 . sin 26
"Ti1rp|\272) TP 27 1=p)—

-2<9<2 > !
4 4
Allowed density range . L
p 1 0.6
——<n< —— o |WS— T .
1+p 1+p 0.4
- NFL-FL phase boundary .
0.6 — ' % 05 1 15
05F B 'y _ SYK P
) E— —p=07 |
cosf =] Incompressible state at the
W = — 1 boundary depending on p, t,V
. .
-1.5 -1 0.5

. i Finite temperature ?



Conformal Green'’s functions at finite temperature

FromT =0, Gr(w),Gr(w) = G(1),G(7)

- Finite temperature Green’s function obtained by conformal
transformation

T = <§> tan(mwa /)

. W
U= 0 GA((U) - TZA_l I (A B lZTL'T)
R :
['(2A) sin(2A A W
(28) sin@mA)T (1~ A ~ i 50r)
1 3
4737 Ol A= Gr()

* Green’s function of fermions moving on a AdS, metric
Faulkner et al. PRD (2011), ...., Sachdev, PRX (2015)
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Numerical results at half filling L
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Spectral function across QCP ;
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J=t=V=1,T =0.025
How else Is the transition manifested?



Zero-temperature entropy

1

038

NFL FL
06 ? '
/ SO,FL — O i
So,syx #* 002 '

0 1 1
0 0.5 1 1.5

What happens to the residual entropy across QCP?



Low-temperature entropy

Saddle-point free-energy > S - Zn—1
F=-TInZ =—-T lim

n—0 n
> Entropy g _OF
oT
Half filling
p=1
0.6 |
0.6
05 0.5
04 04}
o 0.3 @ 03
027y 02
0.1 0.1
0 - - - - - 0 ' - - -
0 0.2 04 0.6 0.8 1 0 0.2 0.4 0.6 0.8
T T



Zero-temperature entropy

1

Thermodynamic integration CNRL 5 F
95\ __ (%) __ i A SorL =0
<6n> T (6T> =—In (tan (4 * 9)) ‘/ZZ/
=0 " So,syk # 0
0 T[ 0 0.5 ) 1 1.5
So(n) =S(ny) + f dnln (tan (Z + 6(n)>)
0 Luttinger theorem = 6(n)
1-p
So(n=1/2) = S
0( / ) 1 + p 0,SYK 0.5 —Alnalytical

Zero-T entropy vanishes
continuously at the transition

— Change of geometry in dual

gravity across QCP?




Quantum chaos across QCP?

NFL FL

0 0.5 1 1.5



Fast to slow scrambling
1 i
H = szijkl)(i)(j)(k)(l +§Z LapNaflp

ijkl ap
+i z ViaXiNa
la

Ci = Xi _
p=M/N
Ya = Na

Out-of-time-order (OTQO) correlation

p=0 (xi(®)x;(0)x;(£)x;(0)) = fo L ettt 4 ...

N
)]'L = 21T

Two OTO correlators

Fi(ty,t2) ~ (@) x;(0)x: () x;(0))

Fp(ty,t2) ~ (e () xi(0)14 () x:(0))

Kitaev, KITP (2015)

t t*—llN
_ALn
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Kitaev (2015); Stanford (2016); Aleiner, Faoro & Ioffe (2016);
Haehl, Loganayagam & Rangamani (2016)



1
Fi(ty,t) == ) Triyxi(tDyxi(0)yxi(t2)yx;(0)] 1 1
S NZZj Y R ~ FO(ty,t,) + NT(Q; t;) +0 <_>

N2
1
Falty t2) = WZ Trlyna(t1)yxi(0)yna (t2)yxi(0)]
ij
7(0)
I
NS T T
t ts 0 - —_—
(0)
' — —
to 0 ff_)=;7j P —— —
‘ ;
Power law decay |

In (t; —t3) Grow as ~ eAL(tittz)/2



1
Fi(tq, t2) =2 E Trlyxi(t)yx;j(0)yxi(t2)yx;(0)]
i

~ FO)(¢ t)+17-"(t t,) + 0 1

1
F,(t1,t3) =7 E Tr[yna(t1)yxi(0)yn,(t2)yx;(0)]
ij

1 0 0
Ladder = _ F
series =2
to 0 0
t 0 i t3 0 t1 13 0
v ::
Fs = P 7 + | R
& 0 s 0 0 ts Iy 0

F1(ty, ty) = [ dtzdty[Ki1(ty, o, ts, t)Fy(ts, ts) + Kip(ty, by, ts, t4)Fo(t3,t4)]

Fy(ty, ty) = J dtgdty[Kar (1, ta, b, ta)Fe(ts, ta) + Koy (ty, by, ts, t4) Fo(ts, ts)]



—> Eigenvalue problem

K|F) = k|F)
K K 3J2GRr(t13)Gr(t24)Gi-(t34) —V*\/DGr(t13)Gr(t24)
% = ( 11 12) - /2
Kz1 Ky — ﬁ Gr(t13)GRr(t24) —t*Gr(t13)Gr(t24)

t13 =01 — 3

Wightmann correlator G, (t) = iG (it + B/2)

IF) = <T1(t1; tz)) _ eALtlertz <f1(t1 - tz))

Chaos ansatz

Fa(ty, t2) f2(t1 — t3)

- Lyapunov exponent kA =1 = 2,

- Solve numerically
- Use conformal Green’s functions in NFL to solve the
eigenvalue problem for T — 0



- Integral equation

1, h ’
3(1 — 'z+5+iu % 1 ’
(4np) (;l z )ZJ du’F<§+i(u—u')> fl(u’)=(k—§)f1(u)
F(Z+7+iu) -
h:)l_L h =1, upper bound
2nT

- Solution  fi(u) = ‘FG +§+ iu)‘z

1

3(1 — p) p 0.8
1+ 2h :(k_E) b -
0.6
c '_AL = 2T

k=1 = h=1 04
0.2

= AL — 27TT , .

00 0.5 1



Lyapunov exponent away from half filling

= (ZN)3/2 Z] ki€l oe + N; tapbatbp - M(Z cici+ Zx: Yatba)
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arXiv:1610.04619
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Conclusions and outlook

Exactly Solvable model for a non-Fermi liquid to Fermi liquid
transition.
— Spectral function
— Zero-temperature entropy
— Many-body quantum chaos,
fast (1, = 2xT) to slow scrambling (1; o« T?).

1 . . 1 1
wypg ~ (1 —p)2 WFL ~ (}3 —1)2
0.8 1
NFL FL N P e
> So,svx * 0 Sorr = 0] AN Vs
0.4 — | AN /
L2 A o« T? N/
0.2 1 4
v .

0 05 : 1.5 p = 1 D



o Theory for the critical point? New chaotic fixed point
distinct from either SYK or FL?

o Extension to large-N description for MBL and MBL
transition? No scrambling or power law scrambling.

o Holographic interpretation? Phase transition involving
elimination of black hole?
—->Quench across QCP - Black hole evaporation.

1

08 SO,FL =0
NFL FL
061 Sosyxk 0
c - -
0.2 -
OO O_I5 1 1.5

P

Thank you!



Breaking of reparameterization symmetry
¢ Hiw,) = id, —2(iw,) (1) = —J*G*(1)G(—71)
o Low-energy conformal symmetry, 7 = f(7), 0<7<pf

G(oy,02) = [f'(a)f " (@)]* G(f (01), f (02)), f € Diff(s*)

o The saddle point spontaneously breaks the symmetry to SL(2,R)

6t1,72) ~ Ity = 1212 = [F(0)f (@)1 (01) — f(0)] 2 = oy — ] 2

at + b (a b

f(T):cr+d' c d

) € SL(2,R)

o Symmetry is also broken explicitly by iw,, term.
—->Pseudo Goldstone mode

- Quantum chaos and thermalization in SYK model.



Conformal Green'’s functions at finite temperature

sgn(T) sgn (1)

Vel gl

- Finite temperature Green'’s function obtained by conformal
transformation

From T = 0, Gg(w), Gr(@) = G(x) ~ -

T = (g) tan(mwa /)

oy sgn(7) - Go) ~ sgn(t) 3/2
BJ sin (M) o (M)
| B
v T2A-1 r (A a l%)
C - .
RO ™ T(24) sin(2rd) r (1 —A- ‘%)

1 3
A:Z_)GR(CU) A:ZQQR((U)



Entropy

¥ T
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